Geometry Derivatives and Other Hairy Math
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February 28, 2010

1 Review of Lie Groups

A Lie group G is a manifold that possesses a smooth group operation. Associated with it is a Lie
Algebra g which, loosely speaking, can be identified with the tangent space at the identity and
completely defines how the groups behaves around the identity. There is a mapping from g back
to G, called the exponential map

exp:g— G

and a corresponding inverse
log:G—g

that maps elements in G to an element in g. For n-dimensional matrix Lie groups, the Lie algebra
g is isomorphic to R", and we can define the map

“R'—g
tx— X
which maps n-vectors x €R” to elements of g. In the case of matrix Lie groups, the elements X of

g are n X n matrices.
Below we frequently make use of the equality’

gelg™! = At

where Ad, : g — g is a map parameterized by a group element g. The intuitive explanation is that a
change exp (£) defined around the orgin, but applied at the group element g, can be written in one
step by taking the adjoint Ady% of £. In the case of a matrix group the ajoint can be written as 2

Adrt 2 Te'T!
and hence we have
TAT 1 = T3

where both T and X are n x n matrices for an n-dimensional Lie group. Below we introduce the
most important Lie groups that we deal with.

Thttp://en.wikipedia.org/wiki/Exponential_map
Zhttp://en.wikipedia.org/wiki/Adjoint_representation_of_a_Lie_group
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2 Derivatives of Mappings

The derivatives for inverse, compose, and between can be derived from Lie group principles.
Specifically, to find the derivative of a function f(g), we want to find the Lie algebra element
¥ € g, that will result from changing g using %, also in exponential coordinates:

f(g)e =f(ge)

Calculating these derivatives requires that we know the form of the function f.
Starting with inverse, i.e., f(g) = g~ ', we have

g lef = <geﬁ)*1 — ¢!

& = getg! = Ads(2
¥ =Adg(—%) Y]
In other words, and this is very intuitive in hindsight, the inverse is just negation of X, along
with an adjoint to make sure it is applied in the right frame!

Compose can be derived similarly. Let us define two functions to find the derivatives in first
and second arguments:

fi(g) = ghand f2(h) = gh
The latter is easiest, as a change X in the second argument % simply gets applied to the result gh:
fr(h)e = f (he)
gheyA = ghe)2
y==x 2)

The derivative for the first argument is a bit trickier:

filg)e’ = fi (g€')

ghe’ = ge'h
& =hlefh = Ad1*
y =Ad), 1% 3)

In other words, to apply a change X in g we first need to undo A, then apply £, and then apply A
again. All can be done in one step by simply applying Ad),-1%.

Finally, let us find the derivative of between, defined as berween(g,h) = compose(inverse(g),h).
The derivative in the second argument 4 is similarly trivial: y = X. The first argument goes as fol-
lows:

fi(g)e’ = fi (ge")

g_lheyA:(gef) 1h: (%) _lh

S 1) = M

Ad(h 1 ) ( ) Adbetween (h,g) ( xA> (4)

Hence, now we undo % and then apply the inverse (—£) in the g frame.
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3 Important Lie Groups

3.1 3D Rotations

The Lie group SO(3) is a subgroup of the general linear group GL(3) of 3 x 3 invertible matrices.
Its Lie algebra so(3) is the vector space of 3 x 3 skew-symmetric matrices. The exponential map
can be computed in closed form using Rodrigues’ formula.

Since SO(3) is a three-dimensional manifold, so(3) is isomorphic to R3 and we define the map

" R3 — s0(3)
o— 0 =0

X
which maps 3-vectors @ to skew-symmetric matrices [@]x :

0 -0 o
@x=| o, 0 —w

For every 3—vector @ there is a corresponding rotation matrix
R = el®

and this is defines the canonical parameterization of SO(3), with @ known as the canonical or
exponential coordinates. It is equivalent to the axis-angle representation for rotations, where the
unit vector @/ ||®|| defines the rotation axis, and its magnitude the amount of rotation 6.

We can prove the following identity for rotation matrices R,

Rlw]xRT = Rl | a1 ay a3 ]
= R[COXCL] w X ap (DXCI3}

_al(a)xal) al(wxaz) al(wxag) ]
= az((l)X(n) az(COXaz) az((OXag,)
| a3(a)><a1) a3(a)><a2) a3(a)><a3) |
[ a)(a1 ><a1) co(azxal) (O(a3><al) |
= (D(a] X az) (O(az X az) C()(a3 X az)
| o(a; xa3) o(ax xa3) o(az xa3)
[ 0 —@as way
= was 0 —wa
| —Way; a 0
= [Ro]« 5)

where a1, ap, and a3 are the rows of R. Above we made use of the orthogonality of rotation matrices
and the triple product rule:

a(bxc)=b(cxa)=claxb)
Hence, given property (5), the adjoint map for so0(3) simplifies to

and this can be expressed in exponential coordinates simply by rotating the axis ® to Rw.
As an example, to apply an axis-angle rotation @ to a point p in the frame R, we could:
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1. First transform p back to the world frame, apply @, and then rotate back:

g = Rel®=RT

2. Immediately apply the transformed axis-angle transformation Adg[®]« = [R®]«:

_ e[Ra)]X

q P

Hence, we are now in a position to simply posit the derivative of inverse,

(0] = Adr([-0]x) =[R(-0)]

ORT
— = —R
210
compose in its first argument,
(@]« = Ang ([0]x) = [R} ®]«
V) R
8(01 2
compose in its second argument,
d (R|Ry)
= L
Jdm,
between in its first argument,
(0] = Adpgrg, ([-0]x) = [RIRi(—®)]x
d (RTR
M = —RYR| = —between(Ry,R1)
8(01

and between in its second argument,

J (RiR,)

= T
Jdmn 3

3.2 3D Rigid Transformations
The Lie group SE(3) is a subgroup of the general linear group GL(4) of 4 x 4 invertible matrices

of the form
A| R t
re |5 ]

where R € SO(3) is a rotation matrix and ¢ € R3 is a translation vector. Its Lie algebra se(3) is the
vector space of 4 x 4 twists & parameterized by the rwist coordinates & € R®, with the mapping [1]

a[s]-ea [ 5



Note we follow Frank Park’s convention and reserve the first three components for rotation, and
the last three for translation. Applying the exponential map to a twist & yields a screw motion
yielding an element in SE(3):
T = expé
A closed form solution for the exponential map is given in [1, page 42].
The adjoint is

AdrE = TET!
i T T
HlCHa

[ [Rw]« —{Rw%t+Rv}

]thRw+Rv]

R

oL o8

0

From this we can express the Adjoint map in terms of twist coordinates (see also [1] and FP):

]t 2] [V

Hence, as with SO(3), we are now in a position to simply posit the derivative of inverse,

a«;—; - _[[r]IiR 1(”

(but unit test on the above fails !!!), compose in its first argument,

INB) _ R, 0
& [ [RR Ry

compose in its second argument,

Jd(NMT)
95

Is

between in its first argument,

3<T171T2) B _[ R 0]
& B [t
with

01

and between in its second argument,

[ R 1 } — Tl_sz = between(T», T)

a(n”n)

= I
9& °



3.3 2D Rotations

The Lie group SO(2) is a subgroup of the general linear group GL(2) of 2 x 2 invertible matrices.
Its Lie algebra so(2) is the vector space of 2 x 2 skew-symmetric matrices. Though simpler than
SO(3) it is commutative and hence things simplify in ways that do not generalize well, so we treat
it only now. Since SO(2) is a one-dimensional manifold, so(2) is isomorphic to R and we define

"R —s0(2)
0 —0=10],
which maps the angle 6 to the 2 x 2 skew-symmetric matrix [0]:
0] = { 00 ]
Note that
[9]{;6}:6&/2{;6}:9[?} (6)

which acts like a restricted “cross product” in the plane.
The exponential map can be computed in closed form as

_ 6l _ cos@ —sin6
R=e [sin@ cos 6

The adjoint map for so(2) is trivially equal to the identity, as is the case for all commutative groups,
and we have the derivative of inverse,

ORT
—— = —Adr=-1
20 R
compose in its first argument,
d (R|Ry)
compose in its second argument,
d (R|Ry) |
06,
between in its first argument,
d (RTR
M = —Adgrp = —1
00, 271
and between in its second argument,
J(RIR2)
06, B



3.4 2D Rigid Transformations
The Lie group SE(2) is a subgroup of the general linear group GL(3) of 3 x 3 invertible matrices

of the form
A| R t
re 5]

where R € SO(2) is a rotation matrix and r € R? is a translation vector. Its Lie algebra se(2) is the
vector space of 3 x 3 twists £ parameterized by the twist coordinates & € R3, with the mapping

Al v A | [0]4 v
SRIRtI i
Note we think of robots as having a pose (x,y, ) and hence I switched the order above, reserving

the first two components for translation and the last for rotation. Applying the exponential map to
a twist & yields a screw motion yielding an element in SE(2):

T :expé

A closed form solution for the exponential map is in the works...
The adjoint is

AdrE = TET!
_ [R ¢t [, v |[RT —R":
~ 101 0 0 0 1

_ | o]+ —[w]+f+RV}

0 0
_ [ [(D]+ Rv — C()Rn-/zl'
0 0

From this we can express the Adjoint map in terms of plane twist coordinates:

o]0 L)

We can just define all derivatives in terms of the above adjoint map:

oT
Y = —Adr
I(NT) B (M)
& AdT{l ~land &2 -
J (17 ') 1o
e = Moy = ~Adyaeenr, ) and =g =1



Part 1
Old Stuff

4 Rot2 (in gtsam)

A rotation is stored as (cos 6,sin6). An incremental rotation is applied using the trigonometric
sum rule:
cos 8’ = cos O cos § —sin O sin &

sin@’ = sinOcos d +cos O sin &

where § is an incremental rotation angle. The derivatives of rotate are then found easily, using

dx'  d(xcos® —ysin@’)
25 26
_ d(x(cosBcosd —sinBsind) — y(sin B cos 4 +cosBsind))
B oL
= x(—cosBsind —sinBcosd) —y(—sinOsind + cos O cosd)
= —xsin@ —ycosO = —y
dy’ _ d(xsin® +ycos@’)
26 oL
d(x(sin B cosd 4 cosOsind) + y(cos O cosd —sinOsind))

20
= x(—sinBsind +cosBcosd)+y(—cosOsind —sinOcos )

= xcos@ —ysin@ =4

ke _,
dp dp
Similarly, unrotate
dx'  d(xcos®' +ysin@’)
R FE
~ d(x(cos@cosé —sinBsind) +y(sin O cosd +cosOsin))
a6

= x(—cosOsind —sinBcosd)+y(—sinOsind +cosOcosd)
= —xsin@+ycosh =y



dy’ d(—xsin6’ +ycos 6’)

5 PE
~ d(—x(sinBcosd +cosBsind) +y(cosBcosd —sinOsind))
B oL
—x(—sinBsind + cosBcos ) + y(—cos Osind —sin O cos )
—xcos0 —ysin® = —x’
oy _,
dp  Ip
5 Point3

A cross product a X b can be written as a matrix multiplication
axb=la|xb

where [a] « is a skew-symmetric matrix defined as

0 —z vy
[X,y,2]x = z 0 —x
-y x 0

We also have
aT[b]x = _([b]xa)T =—(ax b)T

The derivative of a cross product

d(axb)

Ja = [_b]x (7)
daxb)
b = [a] x 8)

6 Rot3

An incremental rotation is applied as (switched to right-multiply Jan 25 2010)
R =R(I+Q)

where Q = [@]« is the skew symmetric matrix corresponding to the incremental rotation angles
o = (Wy, Wy, @;). The derivatives of rotate are then found easily, using (7):
IR(I+Q)x) J(RQ) J(R(wxx)) Ra (o x x) R|—x]
== — — —X
ow dw ow ) .
9 (Rx)
ox

=R
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For composition and transposing of rotation matrices the situation is a bit more complex. We
want to figure out what incremental rotation Q' on the composed matrix, will yield the same change
as Q applied to either the first (A) or second argument (B). Hence, the derivative with respect to
the second argument is now easy:

(AB)(I+Q') = A[B(I+Q)]
AB+ABQ' = AB+ABQ
Q = Q

o = o

1.e. the derivative is the identity matrix.

For compose, R = AB, we make use of equations (4) and (2). The second argument is easy: we
always have

§=%
and hence the 3 x 3 Jacobian is the identity.
Equations (4) then becomes
$=BT%#B=BTx

The derivative of inverse can be found similarly, using formula (1):

$=—R&R" = —Rx
And between becomes: -
9= —BTA%ATB = —BTA

dbetween(A,B)

3 = —BTA = —between(B,A)

and of course
dbetween(A,B)

=1
b 3
Similarly, the derivative of unrotate(R,x) = rotate(inverse(R),x), so
or(i(R
%@m — dr1(i(R),x)di(R) = R[] xR = [R" ]
8r(z(R),x) T
—i(R) =R
o i(R)

7 Pose3 (gtsam, old-style exmap)

In the old-style, we have
R =R(I+Q)
/' =t+dt
In this case, the derivative of transform_from, Rx +t:
IR(I+Q)x+1t) JI(RQx) JI(R(wxx))

0w do 0w = Rl=x]
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and with respect to dt is easy:

J(Rx+1t+dt)
ddt
The derivative of transform_to, inv(R)(x —t) we can obtain using the chain rule:

d(inv(R)(x—t))  dunrot(R,(x—1))
5o = P = skew(RT (x—1))

and with respect to dt is easy:

(R (x —t —dt))
ddt
The derivative of inverse = RT ,—RTt = R” (I, —t), first derivative of rotation in rotation argu-

ment:
The partials

— _RT

Jdo’  dinv(R) R
ow 2y
o' —dunrot(R,t)
Jo 20
do'
ot =0
dt'  —dunrot(R,t) g7
ot ot

= —skew(R"1)

old stuff:

(I+QRT = (I+Q)R)T
RT+QRT = RT(I-Q)

QRT = —R'Q
Q' = —RTQR=—[RTw]«
o = —R'o

11



Now compose, first w.r.t. a change in rotation in the first argument:

AB = (TyRsTg) (RARp)
(TaRATs (I+T')) (RaRp (I+ Q') = (TaRs (I + Q) Tg) (Ra (I + Q) Rp)
translation only:
TARATg (I+T') = TuRs (I1+ Q) Tp
Tg(I+T')=(1+Q)Tp
Tg+ TgT' = Tz + QTp
T' =Ty 'skew(0)Tp
T' = skew(Tgw) 77?2
rotation only:
RiRp (I+Q') =R4(I+Q)Rp
RpQ' = QRp
Q' = RLQRp
= skew(R w)
o =Rio

And w.r.t. a rotation in the second argument:

(TARAT (I+T")) (RaRp (I+ Q') = (TaRaT3) (RaRp (I +Q))
(RaRp (149 )) = (RaRp (I +Q))

\

w.r.t. a translation in the second argument:

TARAT (I-I— T)) (RARB)

—

(TaRATs (I+T')) (RaRp (I+9'))

I
- o

Finally, between in the first argument:

0A~'B _ dc (A, B) dinv(A)

dA  9A-! A
JA~'B dc(A™!,B)
B 0B

8 Pose3 (gtsam, new-style exmap)

In the new-style exponential map, Pose3 is composed with a delta pose as follows
R =(I+Q)R
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"=+ Q)t+dt
The derivative of transform_from, Rx +¢:
A((I+Q)Rx+ (I1+Q)t) B d(Q(Rx+1)) B d(wx (Rx+1)) B
0w N 0w N 0w N x

and with respect to dt is easy:

d(Rx+1t+dt)
adt
The derivative of transform_to, RT (x—1), eludes me. The calculation below is just an attempt:
Noting that RT = RT (I - Q), and (I - Q)(x— (I+Q)t) = (I - Q)(x —t —Qt) =x—t —dt —
Qx+ Q%

=1

IRT(x—1")) IRT(I-Q)(x—(I+Q)1)) J(RT(Q(x— Q1))

w 1eJ0) Jw
IR"0|xR™x) 7. IR'®)  r . . r
_ P = [R X]x S0 = [R x]XR
TO2
— —a(Raa? 2 + [RTx]«RT

and with respect to dt is easy:

(R (x —t —dt))

— _RT
adt

9 Line3vd

One representation of a line is through 2 vectors (v,d), where v is the direction and the vector d
points from the orgin to the closest point on the line.
In this representation, transforming a 3D line from a world coordinate frame to a camera at
(RS,,t") is done by
ve=Ryv"

d = RS, (d” + (V" )" — 1)

10 Line3

For 3D lines, we use a parameterization due to C.J. Taylor, using a rotation matrix R and 2 scalars
a and b. The line direction v is simply the Z-axis of the rotated frame, i.e., v = R3, while the vector
d is given by d = aR| + bR;.
Now, we will not use the incremental rotation scheme we used for rotations: because the matrix
R translates from the line coordinate frame to the world frame, we need to apply the incremental
rotation on the right-side:
R =R(I+9Q)
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Projecting a line to 2D can be done easily, as both v and d are also the 2D homogenous coordinates
of two points on the projected line, and hence we have

I = vxd
= R3x (aR;+bRy)
= a(R3xR1)+b(R3 XRy)
= aRy,— bR,

This can be written as a rotation of a point,

[=R a
0

but because the incremental rotation is now done on the right, we need to figure out the derivatives

again:

IRU+Q)Y) _ I(RRY) _ L 2(2x)
dm - Jdow dw

and hence the derivative of the projection / with respect to the rotation matrix Rof the 3D line is

= R[—x]« C))

a(1) ’
SU=R[| —a |lx=[aRs bRy —(aRi+bRy) ] (10)
o 0
or the a, b scalars:
o) _
da  Z
a(l) _
e

Transforming a 3D line (R, (a,b)) from a world coordinate frame to a camera frame (RS,,#") is
done by

R =R‘R
d=a—RIt"
b =b—RIt"

Again, we need to redo the derivatives, as R is incremented from the right. The first argument is
incremented from the left, but the result is incremented on the right:

R(I+Q)=(AB)(I+Q) = (I+[Sw]|x)AB

1+Q = (AB)'(I+[Sw]x)(AB)
Q' = RT[Sw|.R
Q = [R50«
o = R'So
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For the second argument R we now simply have:

AB(I+Q') = AB(I+Q)
Q = Q

o = o

The scalar derivatives can be found by realizing that

a a
¥ | = b | =RTtY
0

where we don’t care about the third row. Hence
T T
. 0 Ryt —R3t"
=—R'"t"]x=| —RIr™ 0 RIt
0

I(RU+Q))T ™) I(QaRTr™)
dm T dw

11 2D Line Segments

The error between an infinite line (a,b,c) and a 2D line segment ((x1,y1),(x2,y2)) is defined in
Line3.ml.

12 Recovering Pose

Below is the explanaition underlying Pose3.align, i.e. aligning two point clouds using SVD. In-
spired but modified from CVOnline...
Our model is

P =R(p"—1)
i.e., R is from camera to world, and ¢ is the camera location in world coordinates. The objective
function is

1 , 1 _ 1 : )
SL (P —R(p" =1 = 3 Y (0 —Rp" +R)* = 2 Y (9 —Rp" 1)’ (11)

where t' = —Rt is the location of the origin in the camera frame. Taking the derivative with respect
to ¢’ and setting to zero we have
Z (pc —Rp" — t') =0

or
1 _ _
=) (p" = Rp") = = Rp" (12)
here p¢ and p" are the point cloud centroids. Substituting back into (11), we get
1 2 1 c = — 2 1 A AWy 2
SL (P =R =) =33 ((P° = F) = R(P" = ")) = 3 L (F° — Rp")
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Now, to minimize the above it suffices to maximize (see CVOnline)
trace (RTC )

where C =Y p¢( ﬁW)T is the correlation matrix. Intuitively, the cloud of points is rotated to align
with the principal axes. This can be achieved by SVD decomposition on C

c=Usv’

and setting
R=UVT

Clearly, from (12) we then also recover the optimal 7 as

l:ﬁW—RTﬁc
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